We revisit the problem of radial pulsations of neutron stars by computing four general-relativistic polytropic models, in which "density" and "adiabatic index" are involved with their discrete meanings: (i) "rest-mass density" or (ii) "mass-energy density" regarding the density, and (i) "constant" or (ii) "variable" regarding the adiabatic index. Considering the resulting four discrete combinations, we construct corresponding models and compute for each model the frequencies of the lowest three radial modes. Comparisons with previous results are made. The deviations of respective frequencies of the resolved models seem to exhibit a systematic behavior, an issue discussed here in detail.
Introduction
The study of radial pulsations of relativistic stars is an interesting issue. By computing the radial modes of a stellar model, we obtain significant information about the stability of the model. Radial modes were first investigated in [1] . Since then, they have been studied by several authors for various stellar models, focusing on neutron stars [2, 3, 4, 5, 6] , protoneutron stars [7] , and strange stars [5, 8] , obeying several "equations of state" (EOS, EOSs).
An EOS often used is the polytropic EOS, since its analytical form makes easier the numerical computations. In the bibliography, we find two discrete interpretations of the polytropic EOS. In particular, in the first interpretation the mass-energy density, E, enters the polytropic EOS (see e.g. [9] ). In the second interpretation, on the other hand, the rest-mass density, ρ, is that entering the polytropic EOS (see e.g. [10] ). Both interpretations have been adopted by several authors treating radial pulsations (see e.g. [6] for the first interpretation, and [11] for the second interpretation), as well as of nonradial oscillations (see e.g. [12] ).
On the other hand, the adiabatic index Γ, which enters the equations governing the radial pulsations, can be defined in several ways dependent on the physical conditions assumed. The difference between the two of the definitions, that we give emphasis on, concerns the variability of Γ. In this view, there are authors assuming a variable Γ (see e.g. [4] and [6] ), as well as authors assuming a constant Γ (see e.g. [11] ).
Since it is a common practice for researchers to employ the polytropic EOS for testing new codes, it may happen that numerical results obtained by a particular interpretation of the polytropic EOS and the adiabatic index be in discrepancy with those compared with, not due to some errors of a particular code, but rather due to different interpretations of the polytropic EOS and the adiabatic index. The aim of this investigation is to highlight the discrete interpretations of the polytropic EOS and the adiabatic index Γ, occuring in the bibliography, and to compute respective numerical results. We undertake such a task by combining the four assumptions made for the polytropic EOS and the adiabatic index Γ, and resolving the four discrete general-relativistic polytropic models constructed this manner.
Theoretical Background
Unless stated otherwise, all physical quantities are expressed in "gravitational units", abbreviated "gu", in which the gravitational constant, G, and the speed of light, c, are equal to unity. To facilitate comparisons, we also give some significant quantities in "polytropic units related to the gravitational units", abbreviated "pu". A discussion on converting the well-known "cgs units", abbreviated "cgs", to gravitational units, and the latter to their related polytropic units can be found in [13] (Sec. 1.2).
The polytropic EOS
In the polytropic models, the pressure P obeys the polytropic EOS
where n is the well-known polytropic index,
hence, when Γ is to be interpreted as constant,
and the integration constant K is the polytropic constant.
Tooper ([10] , Sec. II) suggests that, due to the relativistic first law of thermodynamics (cf. [10] , Eq. (2))
the relation (cf. [10] , Eq. (4))
has to be satisfied. This relation leads to the conclusion that the mass-energy density must be connected with the pressure via an equation of the form
where C is a constant. If we put C = K −1/Γ , then we find (cf. [10] , Eq. (5b))
with the polytropic index n given by Eq. (2). It is worth clarifying here that the rest-mass density ρ is that part of the mass density which satisfies a continuity equation and thus is conserved throughout the motion. Concerning the two forms of the polytropic EOS, i.e. Eq. (1) on the one side, and the EOS (cf. [10] , Eq. (7a))
on the other side, Tooper ([10] , Sec. II) remarks that Eq. (8) permits the sound velocity to become greater than c for all n, while Eq. (1) gives a sound velocity less than c for n ≥ 1.
The nonrotating model
The Schwarzschild metric of a nonrotating spherical object, expressed in spherical coordinates (r, θ, φ), is given by (cf. [14] , (Eq. (25))
where ν and λ are metric functions of r. For ν ≪ 1, the Newtonian gravitational potential, φ, and the metric function ν, expressed in cgs units, are related via the equation φ = c 2 ν/2. It is therefore convenient to define an equivalent of the gravitational potential in general relativity as
The function λ is given by (cf. [14] , (Eq. (27))
where m = m(r) is the mass contained within a sphere of radius r. Furthermore, a neutron star obeys the three equations of the generalrelativistic hydrostatics:
1. The equation of hydrostatic equilibrium (cf. [14] , Eq. (28)),
2. The equation of the mass-energy (cf. [14] , Eq. (29a)),
3. The equation of the gravitational potential (cf. [14] , Eq. (29b)),
Eqs. (12) and (13) are the "Oppenheimer-Volkof (OV) equations". Their solution must obey the initial conditions (cf. [15] , discussion following Eq. (3b))
where E c is the central mass-energy density. For the pressure P we assume the relation
where by the symbol P we emphasize on the fact that there is a particular functional relation assigned to the pressure P with respect to the mass-energy density E, i.e. a particular EOS. It is convenient to normalize Φ in the same manner as the Newtonian gravitational potential, that is,
This condition becomes at the boundary of the star (cf. [16] , Eq. (13))
where M is the total mass-energy of the star and R is its radius.
Equations governing the radial pulsations
The general relativistic equations governing infinitesimal radial pulsations for a gas sphere were first derived in [1] . Similar equations as a result of the slow rotation of a relativistic star have been derived in [17] . Since then, the equations governing the radial oscillations were rewritten in various forms, some of them being suitable for numerical computations (see e.g. [18, 3, 4, 7] ). In this study, we follow [6] (Sec. 2.1, and references therein) and write the relation ( [6] , Eq. (14))
which is a second-order ordinary differential equation in the function ζ(r). The functions P, Q, and W are defined by (cf. [6] , Eqs. (16), (17), and (15), respectively)
The adiabatic index Γ involved in Eq. (21) is equal to
due to Eq. (5).
In order for the solution to be regular at the origin, the function ζ must obey the boundary conditions ( [6] , paragraph following Eq. (17))
At the surface of the star the Lagrangian variation of the pressure should vanish, ∆P (r = R) = 0, leading in turn to the condition ( [6] , Eq. (13a))
The discrete values ω 2 n , n = 0, 1, 2, . . . , for which the conditions (25) and (26) are satisfied, form the set of eigenvalues (eigenfrequencies) of the SturmLiouville problem established on Eqs. (20), (25), and (26). The corresponding eigenfunctions, ζ n (r), have n nodes inside the star and they are orthogonal. If ω 2 > 0, then ω is real and the solution is purely oscillatory. However, if ω 2 < 0, then ω is imaginary and corresponds to an exponentially growing solution. In this case we have an unstable neutron star.
The adiabatic index Γ
As discussed in [3] (Sec. III), for different physical conditions inside a star, different adiabatic indices can be defined; provided, however, that the configuration has adequate time to attain equilibrium during the perturbation, the adiabatic index Γ is related to an EOS P(E) via Eq. (24). This expression seems to be correct only for sufficiently low-frequency oscillations (see e.g. [4] , Sec. I, and also [2] , Sec. IIb).
For central densities in the neutron drip density region, 10 11 −10 13 g cm −3 , the adiabatic index varies considerably [4] . On the other hand, for central densities ≥ 10 13 g cm −3 the adiabatic index starts converging to the form (24). Consequently, the relation (24) seems to be suitable for the case of neutron stars when Γ is to be treated as a variable.
The Numerical Treatment
The numerical method used in this study proceeds with two steps. In the first step, the nonrotating model is computed. In the second step, the radial oscillations are computed. Due to the purpose of the present investigation, we use two discrete forms for the polytropic EOS, as discussed in Sec 2.1; namely, 1. the polytropic EOS when the mass-energy density E is involved (Eq. (8)); 2. the polytropic EOS when the rest-mass density ρ is involved (Eq. (1)).
Computing the nonrotating models
To compute the nonrotating models, we follow the numerical treatment regarding Hartle's perturbation method [14, 15] described in detail and used in the computations of [16] . We employ the parts of the theory and the computations concerning the nonrotating neutron star models ( [16] , Sec. 2 for the theoretical preliminaries and Sec. 5.1 for the particular computations). We do not intend to repeat here details on this issue.
Computing the radial pulsation eigenfrequencies
To compute the eigenvalues ω 2 , we work as follows. We start the numerical integration for a trial value ω 2 and initial conditions (25). We integrate towards the surface and then check if the resulting solution ζ(r) satisfies the boundary condition Γ P ζ(R) ′ = 0 (Eq. (26)). From the point of view of numerical analysis, this boundary condition can be treated as an algebraic equation of the form f (ω 2 ) = 0; thus, to compute the root(s) ω 2 of this equation, we can use a standard numerical method. Before we apply such a method, we transform Eq. (20) into a system of two first-order differential equations. This is achieved by introducing a new variable η defined as
We thus obtain the differential equations ( [6] , Eqs. (19) and (20), respectively)
Furthermore, we can transform the boundary condition (26) into a form appropriate for the system of Eqs. (28) 
Next, through Taylor expansions, we find that the functions ζ and η must have the following behavior near the origin ( [6] , discussion following Eq. (20)): ζ(r) = ζ 0 r 3 + O(r 5 ) and η(r) = η 0 + O(r 2 ). Using Eq. (28), we find for the leading coefficients the relation 3 ζ 0 = η 0 /P(0). Choosing
we obtain
The overall numerical method
The overall method proceeds by integrating first the "initial value problem" (IVP, IVPs) established on the equations (12)- (14), using the numerical method described in detail in [16] (Sec. 5.1). Second, for a trial value of ω 2 , we solve the IVP established on the equations (28)-(29) with initial conditions (31)-(32). Alternatively, we can solve all differential equations together, i.e. we can solve a unique IVP established on the five first-order differential equations (12)- (14) and (28)-(29).
The first procedure requires the functions E(r), m(r) and Φ(r) of the first IVP to be involved in the second IVP through their interpolating functions, which, apparently, increase the errors of the computations. To avoid interpolation errors, we use in this study the alternative procedure according to which a unique IVP is solved for each trial value of ω 2 . We can then proceed to the numerical framework described in Sec. 3.2, i.e. to the rootfinding problem of the algebraic equation f (ω 2 ) = 0.
The code
Subroutines required for all numerical procedures of this study (e.g. solution of systems of first-order differential equations, interpolations of functions, rootfinding of algebraic equations, etc.) are taken from the SLATEC Common Mathematical Library, which is an extensive public-domain Fortran Source Code Library, incorporating several public-domain packages. The full SLATEC release is available in http://netlib.cs.utk.edu/.
Numerical Results, Comparisons, and Discussion
We compute the following models:
1. Model I-The mass-energy density enters the polytropic EOS and the adiabatic index is treated as a variable,
2. Model II-The rest-mass density enters the polytropic EOS and the adiabatic index is treated as a variable,
3. Model III-The mass-energy density enters the polytropic EOS and the adiabatic index is treated as a constant,
and Γ = 1 + 1 n . 4. Model IV-The rest-mass density enters the polytropic EOS and the adiabatic index is treated as a constant,
In the following tables, inputs occupied by "-" indicate negative eigenvalues, i.e. e-folding times, which are not examined in the present study.
For the purpose of testing our code, we compare results of Model I for n = 1.0 with corresponding results given in [6] (Table A. 18); and results of Model IV for n = 1.5 with corresponding results given in [11] (Table  3) . In all cases compared, the absolute percent differences, σ, of the results computed in the present study with respect to corresponding results of the other investigations, do not exceed the value 1.5%; in fact, there is only one case with σ = 1.46%, while all other cases have σ < 1.2%.
Next, comparison of the results of Model IV in the place of Model I for n = 1.0 with corresponding results of [6] (Table A. 18) reveals differences larger than the previous ones, namely ∼ 2% for ν 2 , ∼ 2.5% for ν 1 , and ∼ 10% for ν 0 . Likewise, comparison of the results of Model I in the place of Model IV for n = 1.5 with corresponding results of [11] (Table 3) does also give differences larger than the previous ones, namely ∼ 5% for ν 2 , ∼ 6% for ν 1 , and ∼ 10% for ν 0 . The above comparisons are made for models with central densities E c "below and relatively close" (having the meaning: "less than a specific quantity, but of same order of magnitude to this quantity") to the "maximum-mass densities" of these models. Note that the total mass M of a model, treated as a function of the central density E c , M = M(E c ), obtains a maximum M max for a specific value E max c ; such a model is called "maximum-mass model", and the central density yielding this model is called "maximum-mass density". It is suitable to express maximum-mass densities and maximum masses in pu, since, this way, they are independent of the specific values chosen for the polytropic constant K. To facilitate comparisons, we compute, by using a method described in [13] (Sec. 4) , the values of E Tables 3, 5 , 7, and 9.
Extending to the cases n = 2.0 and 2.5 our comparisons of respective results of Models I and IV, we find that differences for ν 2 remain near ∼ 3%, differences for ν 1 remain near ∼ 3.5%, while differences for ν 0 remain near ∼ 10% for n = 2.0 (as in the previous cases), but for n = 2.5 there is an increase in the difference to ∼ 20%.
It seems therefore that, regarding Models I and IV for E c below and relatively close to E max c -cases being, in fact, the more interesting ones when considering neutron stars -the behavior in the differences of ν 2 and ν 1 turns to be a systematic behavior. On the other hand, the differences for the lowest eigenfrequency ν 0 seem to deviate according to how much close to a maximum-mass model is the case studied. Note that for a maximummass model the lowest eigenfrequency ν 0 has to be zero; thus the closer to a maximum-mass model the case studied, the faster the convergence of ν 0 to zero. However, maximum-mass densities do not coincide for Models I and IV and, accordingly, one case may be already close to the maximum-mass density, while the other case far enough yet.
It is furthermore worth remarking that Models II and III yield extremum values among those examined here. In particular, Model II yields maximum values, while Model III yields minimum ones, at least for the eigenfrequencies ν 0 and ν 1 . The interesting point is that the behavior in the differences of respective results turns again to be a systematic behavior for the eigenfrequencies ν 2 and ν 1 : ∼ 8% and ∼ 10%, respectively, for n = 1.0; ∼ 0.5% and ∼ 1%, respectively, for n = 1.5; ∼ 0.5% and ∼ 2%, respectively, for n = 2.0; and ∼ 0.5% and ∼ 1%, respectively, for n = 2.5. In fact, there is a convergence of the respective values of ν 2 , and likewise of ν 1 , as the polytropic EOS becomes more and more soft. Note that, among the cases examined here, "most stiff" is the polytropic EOS with n = 1.0, and "most soft" is that with n = 2.5; thus siffness decreases as the polytropic index n increases. On the other hand, differences in the lowest eigenfrequency ν 0 seem to be again large: ∼ 35% for n = 1.0, ∼ 25% for n = 1.5, ∼ 35% for n = 2.0, and ∼ 45% for n = 2.5. The explanation for such discrepancies is similar to that given above: For a maximum-mass model the lowest eigenfrequency ν 0 has to be zero; so, the closer to a maximum-mass model the case studied, the faster the convergence of ν 0 to zero. However, maximum-mass densities do not coincide for Models II and III, and, accordingly, one case may be close to the maximum-mass density, while the other case far enough.
Finally, comparing respective results between Models I and III on the one side, and between Models II and IV on the other side, we arrive at conclusions similar to those of the previous comparisons.
As a summary, regarding the eigenfrequencies ν 2 and ν 1 , we have verified that, when the specific values of E c are below and relatively close to (which are the more interesting cases when considering neutron stars), adopting any one of the Models I-IV leads to compatible results, i.e. results diverging each other ∼ 3% on the average, and ∼ 10% at worst. On the other hand, however, determining the lowest eigenfrequency ν 0 seems to depend strongly on which of Models I-IV is involved in this computation. 
